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Introduction

Introduction

This thesis is devoted to the research on the deviation matrix of Markov pro-
cesses, a tool which measures the speed of convergence with which a transition
probability function approaches its limiting value. Best to the author’s knowl-
edge, the research on deviation matrices was mainly initiated by Kemeny and
Snell in [75] for discrete-time finite state space Markov chains and afterwards
extended to a continuous-time setting [77] and to denumerable state spaces
[79]. Ever since the field of research separates into the exact computation of
deviation matrices for various Markov processes (see, e.g., [81, 83] and Sec-
tion 1.4 and Section 1.6 as well as the examples provided in Chapter 2, 4 and
5 of this thesis), and certain applications such as series expansions (see, e.g.,
[60, 122] as well as Chapter 3, 4 and 5 of this thesis) and Markov decision
processes (see, e.g., [83, 113] and Chapter 2, 4 and 5 herein). The former men-
tioned application allows for the arbitrarily precise approximation of process
characteristics like stationary distributions and deviation matrices whereas the
latter one offers a tool to optimize Markovian stochastic processes X which are
influenced by some policy f . An in-depth introduction to both applications
including a literature review will be provided within Chapter 2, 3 and 4 of this
thesis.

Furthermore, Cao revealed in [24] that both applications are closely related.
Series expansions generate the limiting distribution π∗ of a process X ∗, for
which this is unknown and not directly computable, by combining the in-
finitesimal generator of this process Q∗ with π, Q and the deviation matrix D
of a second process X , for which all these matrices are known, via

π∗ = lim
N→∞

π

N∑
n=0

((Q∗ −Q)D)n .
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We can transform this equation to

π∗ − π = lim
N→∞

π
N∑

n=1

((Q∗ −Q)D)n (1)

which is the basic equation of perturbation analysis, a theory that deals with
the influence that has a generator change from Q to Q∗ on the long-run be-
havior of the associated process X ∗. If, e.g., Q and Q∗ vary in one continuous
parameter, say λ, we can regard the influence of infinitesimal small changes in
λ by transforming (1) so that

∂π

∂λ
= π

∂Q

∂λ
D

which is known as the performance derivative equation. Multiplying this equa-
tion with some cost vector c provides the possibility to measure the influence
of a parameter change in λ on the average long-term costs πc. Minimizing
these long-term costs is the objective of policy iteration, an algorithm applied
to Markov decision processes. For a presentation of the basic facts of Markov
decision theory and policy iteration we refer to Chapter 2 and 4 herein.
This thesis contains four papers of which two are already finally accepted for
publication by Operations Research (Chapter 3 and 4) and two are submitted
(Chapter 2 and 5). It is supplemented by a general Chapter 1 which provides
for the necessary background of continuous-time Markov processes and some
fundamental properties of the deviation matrix as well as tests which assure
its existence.
A graphic overview on the structure of this thesis is displayed in Figure 1.
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Formulas

Matrix Inversion
Section 1.4.1

State Reduction
Section 1.4.2

Mean Passage Times
Section 1.4.3

Taboo Kernel
Section 1.4.4
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Existence
Section 1.3

Interpretation
Section 1.5

Applications

Series Expansions
Chapter 3, 4 and 5

Markov Decision Processes
Chapter 2, 4 and 5

Figure 1: Structure of this Thesis
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